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Abstract. A framework based on logarithmic contractancy is proposed to produce versatile shapes of yield surfaces for 
structured anisotropic clays. The recently proposed constitutive model (E-SCLAY1S) is an extension of existing model 
called S-CLAY1S, which is a Cam Clay type model that accounts for anisotropy and structure. A new parameter called 
contractancy parameter is introduced to control the shape of the yield surface as well as the plastic potential (as an 
associated flow rule is applied). This new parameter can be used to fit the coefficient of earth pressure at rest, the 
undrained shear strength or the stiffness under shearing stress paths predicted by the model. The model predicts the 
uniqueness of the critical state line and its slope is independent of the contractancy parameter. The effect of the shape 
of the yield surface was investigated on computed results of a benchmark embankment constructed on Bothkennar 
(Scotland) clay by employing the E-SCLAY1S model as a user-defined soil model into the PLAXIS finite element code. 
The results demonstrate that the contribution of the shape of yield surface (logarithmic contractancy parameter) have a 
relatively large effect on lateral movement of subsoil beneath the toe of the embankment compared to the settlement of 
subsoil at the centre of the embankment. 
Keywords: logarithmic contractancy, yield surface, anisotropy, destructuration, soft soils, embankment. 
Conference topic: Design experiences and theoretical solutions.  
 

Introduction  
Since the pioneering work of Roscoe and co-workers 
(Roscoe et al. 1958, 1963; Schofield, Wroth 1968), many 
constitutive models have been proposed in the frame-
work of Critical State soil mechanics. Hence, the shapes 
of the yield and plastic potential surfaces vary from 
model to model in the literature. A constitutive model 
that is able to reproduce a variety of shapes (yield sur-
faces) could provide predictions that are more accurate. 

Natural soft soil deposits exhibit inherent aniso-
tropic behaviour due to its deposition history as well as 
bonding (structure) and destructuration during loading. 
Therefore, several constitutive models, which account for 
anisotropy have been proposed in the literature (e.g. 
Sekiguchi, Ohta 1977; Dafalias 1986; Whittle, Kavvadas 
1994; Wheeler et al. 2003). The major differences be-
tween these models are shape of the yield surface and ro-
tational hardening rule. The S-CLAY1S model 
(Karstunen et al. 2005) has been proposed by considering 
a rotated and distorted elliptical yield surface to account 
for anisotropy and an intrinsic yield surface to reproduce 
soil structure (bonding). The S-CLAY1S model has 
proven its ability to reproduce the behaviour of normally 
or slightly overconsolidated structured soft clays 
(Karstunen et al. 2005, 2006; Karstunen, Koskinen 2008; 
Yildiz et al. 2009). 

In general, S-CLAY1S's predictions of lateral 
movement of subsoil beneath the toe of embankments 
built on soft soils using coupled soil/water finite element 

code often overestimate or underestimate valued meas-
ured in the field, although computed surface settlements 
of subsoil show a good agreement with measurements 
(Karstunen et al. 2005, 2006; Karstunen, Koskinen 2008; 
Yildiz et al. 2009). One of the factors for unrealistic com-
puted lateral movement is the employed shape of the 
yield surface shape (associated flow rule) of the constitu-
tive model, or similarly, prediction of K0 value for com-
pression loading.  

The recently proposed E-SCLAY1S (Sivasitham-
param, Castro 2016) is an extension of the S-CLAY1S 
model (Karstunen et al. 2005) using the framework of 
logarithmic contractancy (Ohta et al. 2011) to include 
some flexibility in the shape of the yield surface. The 
model introduces an additional parameter, called the con-
tractancy parameter, which controls the shape of the yield 
surface. The contractancy parameter can be related to the 
coefficient of earth pressure at rest for normally consoli-
dated conditions, K0NC, the undrained shear strength, cu, 
or the stiffness under shearing stress paths. In this way, 
E-SCLAY1S, extends the predictive capabilities of the  
S-CLAY1S model, while including just an additional pa-
rameter with clear physical meaning. The E-SCLAY1S 
model has the flexibiltity using the additional contract-
ancy parameter to control the predicted K0 value (i.e. 
shape of yield surface) while keeping the same critical 
state line in the stress space.  

In this study, the authors investigate the effect of 
shape of the yield surfaces (influence of contractancy pa-
rameter) on a benchmark embankment built on Bothken-
nar soft clay by numerical simulation using the PLAXIS 
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finite element code and using the E-SCLAY1S model as 
a user-defined soil model. The first section of the paper 
gives a short description of the E-SCLAY1S model in tri-
axial stress space and its important features. Following 
sections present the details of numerical analyses of 
benchmark embankment, discussion of results and con-
clusions. 

Logarithmic Contractancy model (E-SCLAY1S) 
The recently proposed E-SCLAY1S model (Sivasitham-
param, Castro 2016) is an extension of the S-CLAY1S 
(Karstunen et al. 2005) model, which accounts for ani-
sotropy and destructuration. Anisotropy of plastic behav-
iour is represented through an inclined and distorted yield 
surface and a rotational hardening law to model the de-
velopment or erasure of fabric anisotropy during plastic 
straining; while interparticle bonding and degradation of 
bonds (structure) is reproduced using intrinsic and natu-
ral yield surfaces (Gens, Nova 1993) and a hardening law 
describing destructuration as a function of plastic strain-
ing. For the sake of simplicity, the mathematical formu-
lation is presented in the following in triaxial stress space, 
which can be used only to model the response of cross-
anisotropic samples (cut vertically from the soil deposit) 
subjected to oedometer or triaxial loading. 

The yield surface of the E-SCLAY1S model (see 
Fig. 1), which introduces an additional degree of freedom 
in the shape of the yield surface using the framework of 
logarithmic contractancy (Ohno et al. 2007) is given as 
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and nL is a new parameter (contractancy parameter) that 
controls the shape of the yield surface. The subscript “L” 
refers to logarithmic contractancy, following the notation 
by Ohta et al. (2011). The E-SCLAY1S preserves the hi-
erarchical development of S-CLAY1S, as E-SCLAY1S 
reduces to S-CLAY1S for nL = 2, i.e. Eq. (2) reduces as 
Ψ = 1. 

As in the S-CLAY1S model, the effect of bonding 
in the E-SCLAY1S model is described by an intrinsic 
yield surface (Gens, Nova 1993), which has the same 
shape and inclination of the natural yield surface but with 
a smaller size. The size of the intrinsic yield surface is 
specified by the state parameter mip′ , which is related to 
the size mp′  of the natural yield surface by the state pa-
rameter χ   as the current amount of bonding 
 ( )1m mip pχ′ ′= + .  (3) 

The E-SCLAY1S model adopts three hardening 
rules from S-CLAY1S, namely isotropic hardening, rota-
tional hardening and degradation of bonds rule. The main 
features of the model are discussed below. 

 
Fig. 1. Different shapes of the yield surface for E-SCLAY1 

Prediction of unique critical state line: for aniso-
tropic contractancy models, the slope of the critical state 
line (CSL) is not usually unique (e.g. extended Sekigu-
chi-Ohta models, Sekiguchi-Ohta 2001) and it depends 
on both slope of critical state (M) and logarithmic con-
tractancy (nL). The E-SCLAY1S was formulated such a 
way that to preserve M as the slope of the CSL for any nL 
values (see Fig. 2). 

 

 
Fig. 2. Predicted unique critical state line for varying nL values 
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Variation in K0 predcition depending on contract-
ancy parameter: the E-SCLAY1S model gives higher de-
gree of freedom to fit the desired K0 value. The variation 
of the K0 stress path with varying nL is illustrated in Fig-
ure 3 for an initially isotropically consolidated soil sam-
ple. 

Variation in predicted undrained shear strength de-
pending on contractancy parameter: the additional pa-
rameter nL in E-SCLAY1S allows for a perfect matching 
of undrained shear strength. The variation of undrained 
shear strength predicted by isotropic version of the model 
depending on nL is shown in Figure 4. 

Further details of the model, its mathematical for-
mulation in general stress space and its implementation 
into the PLAXIS FE code can be found in Sivasitham-
param, Castro (2016). 
 

 

Fig. 3. Predicted K0 stress paths for varying nL values. 

 
Fig. 4. Predicion of cu for isotropically normally consolidated 

samples 

Numerical analyses of a benchmark embankment 
The performance of the recently proposed E-SCLAY1S 
model was analysed in finite elemnt benchmark problem 
using PLAXIS FE code and their results are presented in 
this section. A benchmark embankment problem was se-
lected to represent a typical geotechnical engineering 

problem where anisotropy and structure might play a 
role. Finite element analyses were performed with 
PLAXIS 2D AE version and the E-SCLAY1S model 
which has been implemented as a user-defined soil 
model. 

An embankment constructed on soft soil is assumed 
2 m high, with a width at the top of 8 m and the side 
slopes with a gradient of 1:4. The soft soil is assumed to 
have the properties of soft Bothkennar clay, which ex-
tends for 20 m depth. At the surface, there is a 1m thick 
over-consolidated dry crust. The geometry of the em-
bankment and the finite element mesh used are shown in 
Figure 5. The groundwater table is assumed to be located 
at 1 m below the ground surface. 

Bothkennar clay material has been extensively stud-
ied and consistent set of laboratory data are available to 
derive material parameters for the E-SCLAY1S (e.g., 
Géotechnique Symposium-in-Print 1992, McGinty 2006) 
in a consistent manner. Table 1 gives the values for the 
initial state variables as well as the conventional soil con-
stants for Bothkennar clay as required for the                       
E-SCLAY1S model. The permeability is assumed to be 
the same in the vertical and horizontal direction for the 
sake of simplicity. 

The embankment, which is assumed to be made of 
granular material, was modelled using a simple linear 
elastic perfectly plastic model (Mohr-Coulomb model); 
see Table 1 for material parameters. In order to make the 
results fully comparable, the over-consolidated dry crust 
layer is also modelled with the Mohr-Coulomb model 
(see Table 1 for material parameters). This embankment 
problem is hence expected to be dominated by the soft 
soil response and is not very sensitive to the embankment 
and dry crust parameters. 

 

 

Fig. 5. Finite element mesh and geometry of the benchmark 
embankment 

The analyses were performed using small defor-
mation assumption as the idea is just to compare the in-
fluence of the logarithmic contractancy parameter (nL) at 
a boundary value level. The construction of the embank-
ment was simulated by two undrained phases of 5 days 
each. In all analyses, drained conditions and zero initial 
pore pressures have been assumed above the water table. 
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For the initial condition, the in-situ K0 value was assumed 
to be K0 = 0.5 due to the slight overconsolidation of Both-
kennar clay. The first construction phase, in which the 
first layer of the embankment was built, was followed by 
a 5-day consolidation stage. After the completion of the 
second layer ofthe embankment, the final consolidation 
was simulated until 3000 days.  

The comparison between the results for varying nL 
of the finite element simulations are presented in Figure 6 
and Figure 7 using different colour for different nL val-
ues. The predicted horizontal displacements versus depth 
under the toe of the embankment after 3000 days of em-
bankment construction for varying nL values of the           
E-SCLAY1S model are presented in Figure 6. The settle-
ment predictions versus time at the node directly under 
the centreline of the embankment (point A in Fig. 5) are 
presented in Figuer 7 for 3000 days of consolidation after 
the completion of embankment construction. It is seen 
from Figure 6 and Figure 7 that the contractancy parat-
meter nL of the E-SCLAY1S model has a significant ef-
fect on lateral (horizontal) deformation of subsoil be-
neath the toe of the embankment compared to settlement 
of subsoil at the centre of the embankment. Further, the 
shape of horizontal displacement profile with deth does 
not change with nL. Ohno et al. (2007) presented similar 
results using the Sekiguchi-Ohta model (Sekiguchi, Ohta 
1977).  

Table 1. The S-CLAY1S model values for state variables,  
conventional soil constants and additional parameters used to 

control evolutions of anisotropy for Bothkennar clay 
Parameter Value 
Soil constants 

κ 0.02 
ν' 0.2 
λi 0.18 
M 1.51 

 γ  (kN/m3) 16.5 
kx = ky    (m/day) 2.5E-4 

State variables 
e0 2.0 

OCR 1.5 
α0  0.59 
χ0  8.0 

Additional anisotropy parameters 
µ 50 
β 1 

Additional destructuration parameter 
ω 9.0 
ωd  0.2 

 

Table 2. Soil parameters of dry crust and sand layer 
Parameter Crust Sand 
 γ  (kN/m3) 19.0 20.0 
E’  (kPa) 3000.0 40000.0 

ν’ 0.2 0.35 
c’ 2.0 0.0 
ϕ’ 37.1 40.0 
ψ’ 0.0 0.0 

kx = ky   (m/day) 8.64E-5 1.0E-3 
 

 
Fig. 6. Comparison of final horizontal displacement predic-

tions at the embankment toe after 3000 days 

 

 

Fig. 7. Comparison of time settlement curves at point A  
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Discussion and conclusions  
The paper studies the influence of the contractancy pa-
rameter nL of the recently proposed logarithmic contract-
ancy E-SCLAY1S model in a typical benchmark em-
bankment on soft Bothkennar clay. The E-SCLAY1S 
model is an extension of previous anisotropic model for 
structured clays (S-CLAY1S) under normally or slightly 
over-consolidated conditions. The extension done using 
the framework of logairhtmic contractancy. The simula-
tion of the benchmark embankment constructed on soft 
soils demonstrate that the effects of the contractancy pa-
rameter nL are large on the lateral movement of subsoils 
compared to that on the vertical settlement of subsoil be-
low the centre of the embankment.  
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