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This paper addresses mitigation measures against railway vibrations in soft soils by use of FE calculations.
In order for calculation models to be used as design tools, it is essential that they are relatively easy to set
up and have reasonably short computational times which would allow sensitivity and optimization anal-
yses. It is therefore desirable to use two-dimensional (2D) models to the greatest possible extent. The
focus of this paper is to investigate the advantages and limitation of using such models as engineering
approach to study effect of countermeasures. The difference between 2D and three-dimensional (3D) cal-
culation models, and the performance of absorbing boundary conditions are investigated. The study
shows that 2D models provide satisfactory results as long as root mean square values are considered,
the treated area is long compared to other relevant distances, and the results are primarily used to com-
pare different mitigation measures. However, since geometrical attenuation is not correctly captured in
2D models, they should not be used to calculate absolute vibration values. In a presented case study, the
effects of lime-cement columns under the track bed and as a vibration-reducing screen parallel to the
track are calculated and compared. The study shows good effect of both mitigation measures in the
low frequency range. To avoid structure-borne noise problems, it may be necessary to combine columns
below track bed with mitigation measures effective at higher frequencies, such as rail pads or ballast
mats.
� 2019 The Authors. Published by Elsevier Ltd. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

Soft ground conditions often lead to complaints about excessive
and annoying low-frequency vibration in dwellings along railway
lines. Therefore, calculation of future vibration values, and compar-
ison with limit values, are performed in connection with the design
of new railway lines or upgrading of existing lines. In the initial
phase, when long stretches are mapped for possible vibration prob-
lems, it is usually not necessary, or economically justifiable, to use
advanced calculation tools. Instead, semi-empirical calculation
methods can be used (e.g. [1]). To provide good estimates, vibration
measurements on train traffic at the site, or at places with similar
conditions, should be used in such models. The results of the calcu-
lations are the estimated vibration values if no mitigationmeasures
are implemented. These values are compared to limit values pre-
scribed in standards and potential problem areas are identified.

The effectiveness of vibration mitigation measures is highly
dependent on the ground conditions. Most measures are typically
very effective at some frequencies, but may worsen the situation
at other frequencies. It is therefore prudent to use more advanced
numerical models when the susceptible areas have been identified
and the effects of various mitigation measures are to be consid-
ered. Since knowledge of expected vibration values without vibra-
tion reduction measures has already been developed during the
mapping in the initial phase, there is usually no need for compre-
hensive models that also include a description of the vibration
source. This, however, assumes that the train’s impact on the track
bed and underlying soil in terms of stress-dependent material
properties are accounted for in the method used. Unit loads can
then be used to excite different models, with and without mitiga-
tion measures, and the results can be compared to get an idea of
the expected vibration reduction using various mitigation mea-
sures. This information can be combined with vibration values
obtained in the initial phase for the situation without any mitiga-
tion measures, to establish an indication of expected vibration val-
ues if various mitigation measures are performed.

However, in order for the models to be used as design tools by
the design consultants, it is essential that they are relatively easy to
set up and have reasonably short computational times which
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would enable sensitivity and optimization analyses. It is also an
advantage if software are readily available. In design, it is therefore
desirable to use 2D models to the greatest possible extent. In [2]
results provided by 2D and 3D combined finite element (FE) and
boundary element (BE) models were compared with regard to
effect of structural changes for two railway tunnel structures. It
was observed that the 2D models provided results that qualita-
tively agree with those of the 3D models at most frequencies.
The conclusion was that a full 3D is required for absolute vibration
transmission predictions and was preferred in order to obtain more
accurate estimates of the changes in response due to changes in
tunnel structure or depth. In this paper, the advantages and limita-
tion of using 2D FE models as engineering approach to investigate
the effect of countermeasures for railway lines on ground surface
are investigated. In a case study, the effects of soil reinforcement
under track and use of a vibration barrier parallel to the track are
calculated using a 2D FE model.

1.1. Background

Numerous studies have focused on gaining deep understanding
of wave propagation and mitigation measures for soft soils, using
numerical modelling alone or in combination with measurements.
An axisymmetric BE model was used to assess the performance of
barriers outside a vibrating source [3]. The authors showed that
barriers are particularly effective when the wavelength is smaller
than the barrier depth, and the shear wave velocity is at least 5
times that of the surrounding soil. They also presented a simplified
method for assessment of effectiveness of rectangular wave barri-
ers in a homogeneous soil. Use of a row of closely spaced piles as an
alternative to a continuous barrier was also investigated [4]. The
study demonstrated that while this scheme is potentially as effec-
tive as a continuous barrier, the effectiveness is in addition depen-
dent on the relationship between the wave length and pile spacing.
More advanced calculation tools have been developed over the
years for railway applications, and more field tests have provided
real data for verification of these tools. Several research projects
performed field tests on the performance of a stiff wave barrier
installed parallel to a railway line [5,6]. They then used a 2.5 D cou-
pled FE/BE model to study the efficiency of this barrier as well as
subgrade stiffening next to the track in reducing railway induced
vibrations. These studies revealed that in a homogeneous half-
space the stiffened soil block could act as a wave-impeding barrier.
Moreover, the stiffened soil block is particularly effective in pre-
venting the transmission of plane waves when the longitudinal
wavelength in the soil is smaller than the bending wavelength in
the stiffened block. The same numerical tool was used to investi-
gate the effectiveness of a sheet pile wall installed at a site in Swe-
den [7]. This study compared the results of the numerical
simulations with the measurements. The depth of the sheet piles
was variable between 12 and 18 m. The field test showed that
the sheet pile wall was able to reduce vibrations over 4 Hz, with
increasing effectiveness up to 16–20 Hz. The parametric studies
revealed that effectiveness of the sheet pile wall is dependent on
the wall’s depth and its stiffness contrast with soil.

A 3D FE/BE model [8] was used to investigate the influence of a
barrier or soil improvement along a railway track on the vibration
transmission across the barrier. The analyses indicated that open
trenches are more efficient than infilled trenches and soil stiffening
for the cases considered. For an analysis of the same problem at
low frequencies, an analytical model for the soil together with
beam/plate elements for the track was used to construct a rigorous
3D model [9] which was then employed for prediction of vibration
from moving train loads. This study considered a range of train
speeds from subcritical speed to supercritical speed. The study
demonstrated that for supercritical speeds, a 3 m deep trench
could reduce the vibrations by 10% in the frequency range 2–
8 Hz. However, for subcritical speeds for which the dominant fre-
quencies are low, there is practically no effect. This could also be
reasoned based on the long wavelength associated with low
frequencies.

Other researchers have studied the effectiveness of mitigation
measures under the track. The effect of lime-cement (LC) columns
on ground vibrations at the test site Ledsgard in Sweden, which is
characterized by low critical speed, was studied using both mea-
surements and FE modelling [10]. The FE analyses were validated
against the measurements that showed considerable reduction of
the vibration on the track. The sensitivity numerical simulations
indicated that there is an optimum improvement ratio (defined
in terms of modification of the ground’s shear modulus) and an
optimum LC depth beyond which no appreciable improvement is
gained. A similar study, but using a BE model, was performed on
the performance of LC columns [11] for the same site. This investi-
gation showed that both strengthening the embankment and using
LC columns under the track could reduce the vibration below 30 Hz
by up to 6 dB. Different numerical tools of the type FE/BE were
used to assess the mitigation effectiveness of a stiffened layer or
stiff block below the ground surface under the track [12,13]. These
studies showed that the stiff block was in particular effective in
soft soil sites. For example, with a 1 m thick concrete block under
the track, the vibration levels between 16 and 50 Hz were reduced
by between 4 and 10 dB for a ground with 3 m deep soft upper
layer [13]. A similar 2.5D FE/BE model, including in addition
train-track interaction, was used for assessment of effectiveness
of ballast mats in reduction of vibrations from railway traffic
[14]. The study demonstrated that the ballast mat could effectively
reduce the high-frequency vibrations transmitted to the ground,
and that the overall efficiency could be reached by placing the
mat beneath the sub-ballast.

In terms of the computational tools, as mentioned in the above
review, some of the applied models are based on the FE method.
However, there is a significant difference in computational time
between two-dimensional (2D) FE models, and more accurate 3D
models. While 2D models can be used as effective design tools also
when studying mitigation measures that extend deep into the
ground, and at quite long distances from the track, 3D models
are in practice limited to small models and low frequencies due
to the required computational power to numerically resolve the
propagating waves. The frequency limitation is because the wave-
lengths become shorter for higher frequencies, and therefore the FE
mesh needs to have higher resolution to obtain the same accuracy.
This leads to a rapid increase in the number of degrees of freedom
in the model.

As an alternative, a combination of FE method and Green’s func-
tions for horizontally layered soil such as described in [15] can be
used. In these models, the substructure, track and possibly part of
the top soil layer are modelled in FE. The interaction between the
FE model and the ground is accounted for by use of Green’s func-
tions for layered media. These models properly handle the interac-
tion between the embankment and the soil as well as propagation
of the waves, and still offer high computational speed. However,
since the assumption behind these models is that the ground can
be modelled as perfectly horizontal and homogeneous layers, they
cannot handle mitigation measures that extend into the layered
ground, such as lime-cement (LC) columns under track or walls
of LC-columns, without increasing the FE-part of the model accord-
ingly, and as a consequence they tend to become as computation-
ally heavy as the 3D models.

Another approach to reduce the computational demand is use
of 2.5D models, where the track is considered as invariant in the
direction of train passage. This allows the problem to be described
with a 2D geometry, while the loading is accounted for in 3D. This



Table 1
FE-models in the study.

Model Description Figure no

1a/b 2D/3D models describing situation without any
mitigation measures

Fig. 2

2a/b 2D/3D models with LC-columns under track bed with
0.60 m diameter, and 1.0 m c/c spacing. Normal to track

Fig. 3
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approach can also be combined with the boundary element
approach resulting in very computational efficient models (e.g.
[5,16–18]). However, similar to 2D models, 2.5D models cannot
describe the effect of mitigation measures which vary along the
line such as local screens. They also require relatively
time-consuming post processing before the final results can be
obtained.
direction, the LC-columns have alternating height, every
second pile being 9 m and 12 m respectively. In the 3D
model, all columns are modelled individually, while
they are modelled as equivalent effective medium in the
2D model, see discussion in Section 4.2

3a/b 2D/3D models with a screen of LC-columns with 0.60 m
diameter, 0.50 m c/c spacing, and 15 m length. The
screen is 7 m from track, and consists of two rows of LC-
columns with 3.5 m spacing. Every 2.5 m there is a
perpendicular row of LC columns to form a ladder
pattern to provide higher stiffness. The perpendicular
rows are not modelled individually, but are included as
equivalent effective medium between the two rows.

Fig. 4

4 3D model similar to model 2, but with LC columns under
part of track bed. The extent of the mitigation measure
is 40 m leaving the first 10 m without columns

–

5 3D Similar to model 3, but with a screen of LC columns
with limited extent. The extent of the screen is 35 m
leaving the first 15 m without screen

Fig. 5
2. Description of method and models

The models used in this study, both for the comparison between
2D and 3Dmodels and for the 2D case study, describes the site Gul-
skogen, located in the city of Drammen about 40 km south west of
Oslo in Norway. At Gulskogen a new railway track is planned next
to the existing track. Fig. 1 shows a cross-section at Gulskogen with
the existing track to the right and the planned new track to the left.
The closest dwelling is located at about 20 m left from the new
track. There are no dwellings on the other side of the railway line,
and potential reflections frommitigation measures are therefore of
no concern.

The FE-models used in this study describe the cross section
showed in Fig. 1 combined with various mitigation measures. In
the Scandinavian countries, with many areas of soft clay, vibration
mitigation measures with lime cement (LC) columns are usually
suggested. Therefore, our study focuses on modelling different mit-
igation measures involving LC-columns. LC-columns are made of
soil mixed with lime-cement. The columns can be installed either
below the railway tracks (as reinforcement of the ground), or as
a vibration-reducing screen in the ground between the railway
track and the nearby buildings. Table 1 show the various FE-
models considered in this study.

The calculations were performed in the frequency domain using
the commercial finite element software package COMSOL Multi-
physics [19]. The element types are quadratic (second order)
Lagrange elements with a maximum element size dependent on
the frequency in order to maintain good resolution, i.e. approxi-
mately 8 elements (or 16 evaluation points) per wave length. At
8 Hz the model sizes are about 35–60 thousand degrees of freedom
(DOF) for the 2D models, and about 3–4 million DOF for the 3D
models. For the 2D model manageable model sizes are obtained
for a frequency range up to about 125 Hz, making the results valid
in the entire frequency range which is important for low frequency
vibrations, i.e. 1–80 Hz. The higher end of the frequency range also
gives the possibility to study potential increase in structure borne
noise caused by the mitigation measures. For the 3D models man-
ageable model sizes are only obtained up to about 12.5 Hz. Hence,
comparisons between 2D and 3D models, which is presented in
Section 4, have only been made at 8 Hz and 12.5 Hz, while the
Fig. 1. Cross-section showin
2D Case study presented in Section 5 was performed in the fre-
quency range between 4 and 100 Hz.

All FE-models are equipped with absorbing boundary domains
which allow the vibration energy to dissipate out of the area of
interest and prevent the waves from reflecting back from the outer
boundaries of the numerical model. The specially-designed absorb-
ing boundary domains are described more in detail in Section 3.

The models are excited by vertical dynamic unit force density
(1 N/m2) with frequencies corresponding to the mid frequencies
in the 1/3-octave frequency bands from 4.0 Hz to 100 Hz for the
2D models, and at 8 Hz and 12.5 Hz for the 3D models. The forces
are applied synchronously on both rails. In the 3D models, the
forces are applied simultaneously at 8 contact surfaces correspond-
ing to the positions of the wheels of a railway car with four axels. In
the 3D-model the loads are moved along the rails with 1 m incre-
ments for 30 runs. The start position is where all 8 wheels are just
inside the models, see Fig. 5. Because the models are excited with a
unit force, the calculated vibration magnitudes do not represent
real vibration velocities that would arise during actual train pas-
sages. They will however show how the ground responds to
dynamic forces with different frequencies.

The results are presented as the vertical vibration velocity aver-
aged over a depth of 2.5 m from terrain level, representing the
vibrations acting on a typical basement in a building.
g the site in Gulskogen.



Fig. 2. Reference model without mitigation measures: a) 2D-model and cross-section through 3D model, b) 3D-model.

a) b) 

0.6 m

0.6 m

1.0 m

Fig. 3. Model with LC-columns below track: a) 2D-model and cross-section through 3D model, b) Top view of 3D-model showing individual columns.
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2.1. Material parameters

The material properties used in the models were derived from
geotechnical site investigations and laboratory tests of samples
collected at the site Gulskogen, and earlier laboratory tests of bal-
last and other stone materials [20]. The soil at the site consists of
soft to medium-stiff clay. The depth to bed rock varies from about
45 m to 60 m. Fig. 6 shows the shear wave velocity profile obtained
from field investigations (CPT and SCPT), and laboratory tests using
triaxial shear test and bender element tests. The material proper-
ties of soil and track are shown in Table 2. Note that the weight
of the train is taken into account in the calculated elastic modulus
of the ballast and the fill materials.

To gain a good vibration mitigation effect from the LC-columns
at this site, an undrained shear strength of 625 kPa was proposed
for the LC-columns. This is stiffer than normal and requires special
techniques such as MDM (Modified Dry Method [21]) to achieve. In
the upper 5 m layer with soft soil, Fig. 6, the proposed stiffness
results in a shear wave velocity ratio between the in the LC-
columns and the surrounding soil of about 5, which is in line with
the recommendations in [3].

2.2. Vibration measurements

Vertical vibration velocity was measured with accelerometers
mounted on ground in four positions at the site in Gulskogen.
The distances from the centreline of the existing track to the four
measurement positions were 6.5 m, 12 m, 23 m and 45 m. Fig. 7a
shows frequency spectra for vibration velocity in the measurement
position at 23 m distance for three local train passages. The main
frequency content is between 8 Hz and 12.5 Hz for most train pas-
sages at this site. Fig. 7b shows frequency-weighted statistical
maximum value, vw,95 [22], on ground from 13 local train passages
in all four measurement positions. Vibration values inside build-
ings at the same distance can be expected to be about twice the
values measured at ground. Calculated vibration velocity using



a) b) 

7 m

Fig. 4. Model with LC-screen: a) Sketch showing screen layout, top view, b) 2D-model and cross-section through 3D model.

Fig. 5. Top view of 3D models with a LC screen: a) model with a finite screen length, b) model with an infinite long screen. Start position of the eight contact surfaces are
marked with circles.

Fig. 6. Shear wave velocity profile from Gulskogen.
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the semi-empirical measurement method in [1], with input param-
eters determined from the measurements, is also shown in the
figure.
3. Design and effect of absorbing boundary layers

A numerical model needs to be truncated and equipped with
appropriate boundary conditions, and it is particularly challenging
to prevent artificial reflections from the model boundaries. This is
crucial for achieving correct results in dynamic calculations, but
since boundary conditions alone are not enough to prevent (artifi-
cial) reflections from the model boundaries, efforts have been
made to design and verify well-performing absorbing boundary
layer domains (ABD) based on [23]. To effectively absorb the elastic
energy a combination of geometrical and complex scaling is
applied to the numerical coordinates in the absorbing domains.
The geometric scaling means that the ABD are numerically
stretched such that the computational domain represents a much
larger area compared to the domain represented by the model
geometry. In the models presented here, the geometric scaling
changes with the frequency such that elastic waves travel 2–4



Table 2
Material properties of soil and track used in the computations.

Material Youngs module1

E (MPa)
Poisson’s ratio
m

Density
q (kg/m3)

Loss factor
g = 2n

Rail 205E3 0.28 49 (kg/m) 0.02
Sleeper 25E3 0.33 2300 0.02
Ballast 150–1801 0.25 1900 0.3
Reinforcing layer 110–1401 0.25 1900 0.3
Blasted rock 110–1401 0.25 1900 0.3
Clay 55–3301 0.49 1900 0.06
Lime cement columns 16702 0.33 2000 0.1

1 Varying with depth.
2 Stiffer than normal.

Fig. 7. a) Measured vibration velocity on ground at 23 m distance from track from three local train passages. b) Measured and calculated frequency weighted statistical
maximum value, vw,95, based on 13 local train passages.
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times the distance of a full wave length before they reach the outer
boundaries of the model. The complex scaling results in an atten-
uation of the elastic energy in the complex space. This is in effect
comparable to assigning damping properties to the materials,
except that the damping is zero at the interface between the
non-absorbing and absorbing domains, and then increases expo-
nentially with the geometrical distance in the ABD. The scaling is
applied in the approximate travel direction of an incident wave.
Fig. 8. a) 2D-model with absorbing domains (grey rectangles) of width wABD . b) Vertical d
Cartesian coordinate in the model, other lines are scaled local coordinates in the absorb
Fig. 8a shows an example where the absorbing boundary
domains are applied to an isotropic and homogeneous 2D model
padded with absorbing domains (grey domains) outside the area
of interest of the model (white domain). The Young’s modulus of
the material is 10 GPa, Poisson’s ratio is 0.2, density is 2500 kg m�3

and the excitation frequency of the unit load (1 N m�2 on a 0.2 m
wide surface patch) is 300 Hz. In the light grey domains (left and
right side), the scaling is in the horizontal direction only, in the
isplacement amplitude. c) Absolute scaled horizontal position in model. Black line is
ing domain.
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medium grey domain (bottom) the scaling is in the vertical direc-
tion only and in the dark grey domains (corners) the scaling is in
both horizontal and vertical direction. The model is excited by a
vertical and oscillating load on the top surface at zero horizontal
position, resulting in waves that travel away from the source.
The travelling wave on the surface and how the magnitude decays
in the ABD is shown in Fig. 8b for various widths of the ABD. It can
be seen that the excited wave in the model domain is effectively
damped in the ABD while inside the model domain of interest
the waves are identical regardless of the size of the absorbing
domain. The geometric scaling in the ABD is shown in Fig. 8c for
three different thicknesses of the absorbing domains: 4 m, 6 m
and 8 m. Consider the case where the width of the ABD is 4 m, then
the position of the right boundary is scaled to app. 29 m compared
to the geometry which is at 10 m.
4. Comparison of results from 2D and 3D models at low
frequencies

The differences in the results provided by 2D and 3D FE-models
are studied for mitigation measures with LC-columns. There is a
concern that 2D-models cannot correctly describe mitigation mea-
sures with limited extent, such as for local screens. This is because
propagating waves may diffract around the corners of a mitigation
measure with limited extent. Additionally, for screens, the angle of
incidence of the propagating wave may affect the efficiency of the
screen. These are phenomena that cannot be captured in 2D mod-
els. To investigate this, the results from the 2D models are com-
pared with results from 3D models with limited extent of the
mitigation measures. The effects of approximation of complex fea-
tures as effective medium by averaging the values of the con-
stituents that make up the compound material is also
investigated. To create manageable model sizes, the comparison
with the 3D model has to be limited to 8 Hz and 12.5 Hz. Neverthe-
less, as the difference between 2D and 3D calculations are expected
to be greatest in the low frequency range, where the dimensions of
the mitigation measures are of the same magnitude as the wave
length, we expect the results from the comparison to give a good
indication of the performance of the 2D models at higher frequen-
cies as well.
Fig. 9. Comparison between 2D and 3D in cross section plotted along dotted black line in
with point sources (normalized results).
4.1. Attenuation with distance

One major difference between 2D and three dimensional (3D)
models is the ability to describe the loads correctly. In reality,
the loads from railway traffic are incoherent point sources, or to
be precise, small surfaces where the wheels are in contact with
the rails. This can be described correctly in a 3D model. However,
in 2D models, the loads represent space-averaged loads with uni-
form distribution in the track direction. Hence, for point sources,
3D-models will realistically attenuate the vibrations in all three
dimensions and the resulting levels will be much lower than for
the corresponding 2D-models.

Fig. 9 shows a comparison between the results from the 2D and
3D reference models of Gulskogen, describing the situation with-
out any vibration mitigation measures, i.e. models 1a and 1b in
Table 1. Fig. 9a shows that for line sources the 2D model and the
3D model give, as expected, the same results. However, as shown
in Fig. 9b, for point sources, the 3D model attenuates the vibrations
in all three dimensions, which cannot be captured by a 2D model.
In Fig. 9b both results have been normalized with the maximum
amplitude for each model to be able to compare the 2D and 3D
models in the same figure.

If the aim of the study is to calculate absolute vibration values,
the difference in attenuation between the 2D model and the more
realistic 3D model is a clear deficiency of the 2D model. However, if
the aim of the study is to compare the effects of different mitiga-
tion measures, this difference in amplitudes is not of major con-
cern. Nevertheless, one needs to show that the relationship
between the different models is similar in 2D and in 3D. Looking
at the results from the 2D and 3D models in a plan view
(Fig. 10), the vibration velocity shows a similar trend and pattern
for the line sources and for the point loads, but the similarity
depends on the position of the comparison in the plan.

4.2. Stiffening of the ground below track with LC-columns

Comparisons were made between the results for the 2D and the
3D models with LC-columns below track. In 3D, the model with an
infinitely long area treated with LC-columns below track, as well as
the model with limited extension of the mitigation measure were
studied. These correspond to model 2b and model 4 in Table 1. The
Fig. 10b. a) Both models with line sources. b) 2D model with line source, 3D Model



Fig. 10. Surface plot, top view, of normalized vertical velocity for: a) line sources in
2D model, b) point sources in a 3D model.
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3D models were excited with 8 point loads (where the wheels are
in contact with the rails) which were moved along the rails with
1 m increments for 30 runs from the start position. The 2D model,
on the other hand, represents a cross-section of the 3D-model
excited by line loads, i.e. model 2a in Table 1.

In practice, the vibration values at one specific moment of time
are not as interesting since vibration limit-values for human
response are often set as root mean square (RMS) values. In Nor-
way, for example, the limit-values for vibration from land-based
transport in buildings are set as the frequency-weighted RMS
velocity value with 1 s integration time [22]. Therefore, from a
practical viewpoint, it is more useful to compare average values
for models with the railway car in different positions. Assuming
a train speed of 30 m s�1, the RMS 1 s value can be estimated by
calculating the RMS value of all the 30 runs with the railway car
in different positions as described above. Fig. 11 shows the ratio
between the calculated RMS vibration values for the models with
LC-columns below track and the reference model (i.e. no counter-
measures). Fig. 11a, shows the results for the 3D model with LC-
columns throughout the entire length of the model. As expected,
these results show a very good agreement with the results from
the 2D model in Fig. 11b. When the mitigation measure has limited
extent, as in Fig. 11c, the result deviates more from the 2D model.
Nevertheless, looking at a cross section through an area well inside
the area affected by the mitigation measure, the 2Dmodel still pro-
vides a satisfactory approximation in terms of reduction (Fig. 11d).
In the figures the ratios between the vertical vibration velocity in
the models with LC-columns and the reference model without
any mitigation measures are plotted as functions of distance from
the track.

4.2.1. Approximation of LC-columns using effective medium
The results in Fig. 11 were produced with 3D models where

every LC-column is modelled as an individual object. However,
modelling of details of complex features such as soil with LC-
columns, or very thin plates increases the model size considerably.
For example, the model with LC-columns below track has over 1
mill DOFs more than the reference model. In a 2D model the LC-
columns in clay are approximated as effective medium with
volume-averaged material properties. For example, if 50% of the
soil is replaced with LC-material, then the Young’s modulus, Pois-
son’s ratio and density of the resulting effective medium are the
averages of the respective properties of the LC-material and the
soil. Fig. 12 shows a comparison of the results at 8 Hz from the
2D and the 3D model with LC-columns below the track, i.e. model
2a and 2b respectively in Table 1. In the 3D model the LC-columns
are modelled individually. In the 2D model the LC-columns in clay
are modelled as an equivalent effective medium. For this compar-
ison, both models are excited with line loads. The comparison
show that the effective medium representation is a good approxi-
mation that has a practically negligible effect on the results as
compared with the 3-D model.

4.3. LC-screens next to track

Comparisons were made between the results for the 2D and the
3D models with a LC-column screen. In 3D, the model with an infi-
nitely long LC-screen, as well as the model with a screen with lim-
ited extent. These correspond to model 3b and model 5 in Table 1).
The 3D models were excited with 8 point loads which were moved
along the rails with 1 m increments for 30 runs. The 2D model rep-
resents a cross-section of the model with infinitely long screen
with a line load, i.e. model 3a in Table 1).

Fig. 13 shows the results for the 3D model with an infinitely
long screen compared with the reference model when the train
has travelled 18 m from the start position as shown in Fig. 5.
Fig. 13a and 13b show the vertical vibration velocity for the refer-
ence model without mitigation measures, and the model with an
infinitely long LC-column screen respectively. Both results have
been normalized with the maximum amplitude for each model.
Note that the scale (normalized) has been limited to 0.5 in the fig-
ures to make the vibration pattern more visible outside the most
intense area close to the point loads. Fig. 13c shows the ratio
between the vertical vibration velocities for the model with the
screen and the reference model. Fig. 13d shows the corresponding
ratio for the 2D models.

As can be seen from Fig. 13c, the 3D model shows a complex
pattern that may reflect an effect of the angles of incidence of
the propagating waves as described above. However, there is also
the possible effect of the screen changing the dynamics of the sys-
tem. As can be seen from the figures, the areas with the highest
ratio between the vibration values coincide with the areas with
very low vibration levels in both models. Since the areas with high-
est vibration levels are of most concern, the results in the low-
vibration zones may have limited influence.

Fig. 14a/b shows the ratio between calculated vertical RMS
vibration velocities for the models with an infinitely long LC-
screen and the reference model without mitigation measures.
The RMS values are calculated from the results of all the 30 runs
with the railway car in different positions as described above.
The results for the 3D model in Fig. 14a show very good agreement
with the results from the 2D model in Fig. 14b. Examination of the
results for the model with a LC-screen of limited extent in Fig. 14c
indicates clearly that the results are affected by the limited length
of the screen. However, the point that the effectiveness of the
screen could be affected by vibration waves refracted around the
screen seems not to be of any serious concern. Fig. 14d shows
the results for the different models at a cross section at y = 34.5,
i.e. 10 m from start of the LC-screen. The comparison shows that
the 2D model still gives a satisfactory approximation of the 3D



Fig. 11. Ratio between calculated vertical vibration velocities for models with LC-columns below track and the reference model without mitigation measures at 8 Hz. a) 3D
model with mitigation measure throughout the entire length of the track. b) 3D model with mitigation measure with limited extent. c) 2D model. d) Results for cross-section
at y = 34.5 m (marked with dashed lines in figure a and b).

Fig. 12. Comparison of results for models with LC-columns below track and line sources. a) Top surface of the 3D-model, with a detail showing how the individual columns
are modelled. The 2D model describes the cross-section marked with the dashed line. b) Vertical velocity amplitude at 8 Hz for line-loads on both rails of the left track.
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Fig. 13. Comparison between model with infinite long LC-screen and the reference model without mitigation measures at 8 Hz. a) Normalized vibration velocity in 3D
reference model. b) Normalized vibration velocity in 3D model with LC-screen. c) Ratio between the vibration velocities in the 3D models. d) Ratio between vibration
velocities in the 2D model.

472 K.M. Norén-Cosgriff et al. / Applied Acoustics 155 (2019) 463–476
results as long as the area of concern is located well behind the
edges of the screen.

4.4. Issues related to higher frequencies

The number of DOFs increase rapidly with the frequency, which
limits the possibilities to perform calculations in full 3D. The choice
of 8 Hz in this study can be defended by the fact that ground vibra-
tion from railway traffic on soft ground often displays a peak in the
range 8–10 Hz. Further, the wavelengths in soil in this frequency
range are of the same order as the extent of mitigation measures,
such as the depth of a LC-column screen. To assess the generality
of the observations made for 8 Hz, additional computations were
performed at 12.5 Hz using a 50 � 40 � 50 m3 reference model
without mitigation measures and the model with LC-screen next
to track. For these models the RMS values were calculated from
27 runs moving the 8 point sources 1 m forward between each run.

Fig. 15a compares the calculated vertical velocity amplitudes at
12.5 Hz for the 2D and 3D models (RMS 1 s) in a cross-section at
y = 28 m. To be able to compare the results from the 2D and 3D
models in the same figure, the results have been normalized with
the maximum amplitude for each model. The figure shows that the
velocity amplitudes vary considerably more with distance from the
source for the 2D model than for the 3D model. Fig. 15b shows the
ratio between the vertical velocity amplitudes for the model with
the LC-screen and the reference model without mitigation
measures. The oscillating amplitude in the 2D-models causes the
ratio to be unstable since the model with the screen and the refer-
ence model do not have their maxima and minima in the same
locations (Fig. 15a). Fig. 15c shows that the oscillation is most pro-
nounced for the 12.5 Hz 1/3-octave band, which corresponds to the
frequency where the wave length is about twice the depth of the
soft top layer and the waves mainly propagates in the soft 5 m
top layer, see Fig. 15d.

The heavy oscillation in the 2Dmodel is believed to be the effect
of the vibration waves only being allowed to propagate in two
directions, causing near-field effects to persist longer than in real-
ity. To verify this, calculations were performed by use of the ana-
lytical model in [15] where the ground is represented by the
Green’s functions of layered half-space. The analytical model
describes the soil profile at Gulskogen, which consists of a soft clay
over bedrock. Results from the analytical 2D and 3D models are
compared. Fig. 16 demonstrates that for the analytical solutions
the oscillations also persist for longer distances in the 2D model
than in the 3D model. Therefore, the oscillations are not caused
by numerical issues in the FE-models, but are rather due to differ-
ences in the extension of the near-field in the 2D and 3D models.
This has also been reported in [24], where, in addition, an effect
of Poisson’s ratio on the oscillations was observed. In Fig. 16 results
from the analytical 2D and 3Dmodels using a lower Poisson’s ratio,
m = 0.4, compared to the original m = 0.49 are shown. The results
show clearly that Poisson’s ratio has a major impact on the oscilla-



Fig. 14. Ratio between calculated vertical vibration velocities for models with LC-screens and the reference model without mitigation measures at 8 Hz. a) 3D model with
infinitely long screen. b) 3D model with an LC-screen that starts at y = 27.5 m. c) 2D model. d) Comparison of the results for a cross-section at y = 34.5 m (marked with dashed
lines in panels a and b).
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tions, with a larger effect in the 2D model than in the 3D model.
Therefore, one practical solution to deal with the problem of a near
field extending too far, and thereby causing an oscillating ampli-
tude, may be to adjust the Poisson’s ratio in the 2D model to a
value which gives results more similarly to the results using the
original Poisson’s ratio in the 3D model.

For practical purposes when evaluating the vibration effect on
buildings, the vibration velocities can be averaged over the dis-
tance of a wave length in the upper soil layer which carries the
main part of the vibration wave, Fig. 15d. In this case the wave
length is 8.2 m at 12.5 Hz. This reduces the impact of the oscilla-
tion, and results in an acceptable agreement between the 2D and
3D models, see Fig. 17. In Fig. 17 the vibration values have been
calculated as the running average over the x-coordinate starting
at the x-coordinate for the left row of LC-columns and running to
the left, and at the x-coordinate for the right row and running to
the right, leaving the area in between the rows without averaging.
This has been done in order to avoid the vibration velocities in the
screen itself to be included in the averaged values.
5. Case study – 2D calculations between 4 and 100 Hz

For Gulskogen, a 2D FE-analysis was carried out on the effect of
different vibration mitigation measures in the frequency range
from 4 Hz to 100 Hz. Since the models are excited with a unit force,
the calculation results do not reflect the fact that the train excites
the ground differently at different frequencies. Therefore, to get a
more realistic estimate of how the overall RMS vibration value is
affected by the different mitigation measures, the input force
was scaled to give the vibration spectrum for the reference case
which corresponds to the measured spectrum at 23 m distance
from track, see Fig. 7b. To reduce the influence of the amplitude
oscillation, the vibration velocities were averaged over the x-
coordinate using a running average approach as discussed in Sec-
tion 4.4. The distance over which the results are averaged is equal
to one wave length in the soft upper layer but restricted to mini-
mum 1.5 m and maximum 8m, the latter representing a typical
building foundation dimension.

Figs. 18 and 19 summarize the results of the analyses. In both
figures, the large (main) subplot shows the ratio between the cal-
culated vertical velocities for the models with mitigation measures
and the reference model (i.e. without any mitigation measures) for
the 1/3-octave band frequencies from 4 Hz to 100 Hz. The narrow
subplot on top of the large plot shows the ratio between the calcu-
lated values after scaling with the measurement data, as described
above, and summed as RMS value across the frequency range 4–
100 Hz. The right subplot shows the colour bar scale. A ratio equal
to 1.0 means no effect of the measure on the vibrations. A ratio
higher than 1.0, corresponds to an increase in the vibration values,
while a ratio lower than 1.0 indicates that the mitigation measure
reduces the vibration values.

Fig. 18 shows results for the model with LC columns below
track. The results show a decrease in vibration velocity for the



Fig. 15. Results at 12.5 Hz for a cross section at y = 28 m (marked with dashed lines in Fig. 17). a) Normalized velocity amplitudes for the models with screens and the
reference model. b) Ratio between vertical velocity amplitudes for models with screen and the reference model. c) Velocity amplitude at different frequencies for the 2D
reference model. d) Velocity amplitude at 12.5 Hz at different depth from terrain (2D reference model).

Fig. 16. Velocity amplitude at 12.5 Hz calculated using an analytical model
describing the soil profile at Gulskogen over bedrock.
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low frequencies, but an increase in the mid to high frequency
range. This is as expected, and in accordance with experience, since
arrays of LC-columns under the track reinforce the soil, making it
stiffer and thereby altering the frequency spectra to be richer in
higher frequencies. This can lead to complaints from neighbors
on annoying structure-borne noise. Therefore, LC-columns under
the track are sometimes combined with other measures, such as
under ballast-mats, to avoid problems with structure-borne noise,
[25]. The scaled RMS values indicate that the LC-columns below
the track give between 25% and 40% reduction of the vibrations
for distances between 20 m and 30 m from track. This is somewhat
lower than expected from earlier experience [10]. The reason for
this is the apparent increase of the vibration values in the mid
and high frequency range.

Results from analyses of a LC-column screen next to the railway
tracks are shown in Fig. 19. The results show reduction of vibration
velocities for frequencies below about 40 Hz. The scaled RMS val-
ues indicate a good performance of the screen with about a 45–
55% reduction of the scaled RMS vibration value for distances
between 20 m and 30 m from track. This observation is also in line
with earlier experience for low frequency vibrations, e.g. [7,6,26],
where an overall effect of about 6 dB were observed. These
changes, although of only a few dB, are significant in the percep-



Fig. 17. Ratio between calculated vertical vibration velocities for models with LC-screen and the reference model without mitigation measures at 12.5 Hz. Results are
averaged over one wave length in the soft upper layer. a) 3D model RMS. b) Results at 12.5 Hz for a cross section at y = 28 m, marked with dashed lines in panel a). c) 2D
model.

Fig. 18. Comparison between model with LC-columns below track and the
reference model without mitigation measures.

Fig. 19. Comparison between model with a LC-screen next to track and the
reference model without mitigation measures.
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tion of vibration. According to [22,27] a reduction of the frequency
weighted vibration value with 50% from 0.6 mm/s to 0.3 mm/s cor-
responds to a reduction of annoyed and highly annoyed people
from about 30% to 20%.

The screen increases the vibration values on the track side of
the screen because of the reflections from the screen. Therefore,
this mitigation measure is not considered suitable where there
are buildings close to the railway lines on both sides of the track,
unless the mitigation is implemented on both sides. However,
analyses are needed to confirm the performance of a double sided
screen. For a single track situation effect of screens on both sides of
the track can be modelled by using a symmetry line. However, for
the Gulskogen case with double track, a full model describing both
sides of the track will be necessary since the distance between
track and screen is different for the two sides of the model.

6. Conclusions

The advantages and limitation of using 2D FE-models as an
engineering approach to study effect of different vibration mitiga-
tion measures was evaluated. The difference in results using 2D
and 3D models was investigated. It is shown that satisfactory
results are obtained when representing detailed ground modifica-
tions, such as LC-columns, by equivalent effective medium. Fur-
ther, it is shown that as long as the basis of evaluation is RMS 1 s
value, the train load can be approximated with a line load in a
2D model. However, it is necessary to average the results from
the 2Dmodel over a distance equal to one wave length in the upper
soil layer which carries the main part of the vibration wave, to
avoid oscillations in amplitude caused by near field effects. Care
needs to be taken if the mitigation measure is short compared to
other relevant distances. An example of a mitigation measure that
can be evaluated using a 2D-model is LC columns below track and
long LC screens between track and buildings. If the lengths of the
mitigation measures are limited compared to the main dimensions
in the model, the effect may be overestimated in 2D models. An
example of a mitigation measure that may be overestimated using
a 2D models is local screens between track and dwellings. Since 2D
models do not attenuate the vibrations as in reality, the results
from 2D models should only be used to compare different models,
and not calculate absolute vibration values. 2D models are also not
suitable for studying mitigation measures where the variation in
properties along the line is crucial to the function, such as pile
arrays or heavy masses placed next to the track to cause scattering
of the vibration waves.
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